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Abstract 

This paper examines the recursive multiplier and some 
potential enhancements f o r  it. The delay of the recursive 
multiplier is similar to D a M a l l a c e  fast multipliers, but 
the complexity is higher: Since the increase in complexity 

. comes from the reduction stages, modified reduction cells 
are dejined and compared to the existing design. The mod- 
$cations take advantage of the fact that some of the inputs 
in the reduction cells are not used Because of the simplic- 
ity of array multipliers in comparing gates and delays, 
most of the comparisons were done with the array multi- 
plier: Based on the original recursive multiplier; a diflerent 
implementation of the recursive multiplier is presented 
which has a “Dadda-like ’’ structure, but has greater regu- 
larity since it is based on the initial base multiplier struc- 
ture. The complexity is lower for  the new design than the 
original recursive multipliel: 

- 

Problem 

Dadda or Wallace fast multipliers provide high speed in 
calculations but they are difficult to layout because of their 
irregularity which also leads to larger area. Array multipli- 
ers (which may implement the modified Booth algorithm) 
have good regularity but do not have the speed of the fast 
multipliers. The recursive fast multiplier provides an inter- 
esting alternative because its performance is similar to a 
Dadda or a Wallace multiplier but it still maintains regular- 
ity. The problem associated with this method is its high 
complexity. This paper investigates the impact of the 
design of the base multiplier in the overall design and 
explores methods to reduce the complexity. 

. Introduction 

In many engineering problems, the “divide-and-conquer” 
method is used to reduce large problems to smaller prob- 
lems. This method can be applied in designing multipliers 
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for large operand sizes based on breaking the multiplica- 
tion into smaller pieces and using smaller multipliers. 
Many of the existing algorithms approach this method in 
two ways. One method is to break up the multiplication 
into a number of pieces, such as different rows of the multi- 
plication matrix which are performed simultaneously [ 13. 
Another method is to use a smaller multiplier at the initial 
stages and then combine the results. The recursive multi- 
plier [2] falls into this category. Some multipliers that use 
this method have adders to sum up the results from the 
small multipliers[3]. Since these adders add delay of O(n),- 
this does not help the overall speed of the design. The 
designs that fall into the first group do not have the regular- 
ity and the simplicity of the multipliers as the other group. 
The Universal Multiplication Networks (UMN) presented 
in [4] also describes an iterative method which-uses smaller 
multipliers to perform a large operand multiplication. 
Since some of the smaller multiplications are dependent on 
the carry outputs from other initial stages, the overall speed 
of the design is not optimized. 

The recursive multiplier proposed in [2] is attractive 
because each doubling of the operand size increases the 
delay by a constant amount. The recursive multiplier is 
divided into two parts: the base multiplier and the reduc- 
tion stage(s). The recursive multiplier operates by per- 
forming small base multiplications in parallel and then 
adding the results using reduction stages[2]. Depending on 

- the size of the base multiplier, multiple levels of reduction 
may be needed. For example, to perform 16x16 multipli- 
cation with a 4-bit base multiplier, the first level of reduc- 
tion generates results for 8-bit operands and the second 
level of reduction generates the result of the 16x16 multi- 
plication. The overall delay of the recursive multiplier is 
O(1og n), which is comparable to the delay of Dadda[S] or 
Wallace[6] multipliers, but the overall gate complexity is 
O(n2 log n). With the bit-slice reduction network, the mul- 
tiplier becomes very regular which allows the layout and 
the routing of the design to be much easier. This paper 
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examines the impact of the base case multipliers and ways 
of reducing the overall gate complexity. 

Approach 

The recursive multiplier presented in [2] was examined to 
see what effect the type and size of the base multiplier has 
on the overall performance of the multiplier. Two different 
multipliers, the array multiplier and the Dadda multiplier, 
were studied as the base multiplier. The delay of the recur- 
sive multiplier was investigated as the size of the base mul- 
tiplier was increased. The gate complexity was also 
compared. 

The overall delay of the recursive multiplier can be sepa- 
rated into three different components: the delay of the base 
multiplier, the delay of the reduction stage(s), and the delay 
of the final addition. In analyzing the gate delay, the delay 
for the final addition was ignored since it is identical for all 
of the multipliers. For the base multiplier, the number of 
unit gate delays of a b-bit array multiplier, AA(b) , and a b- 
bit Dadda multiplier, AD(b), are given by the following two 
equations ; 

A = 3 b - 2  

h = 610g~b-5  
A(b)  

D(b )  
where that the delay of either full or half adders is assumed 
to be 3 gate delays. 

The delays for an n-bit recursive multiplier with a b-bit 
array base multiplier, ALRM(n)-A(b). and with a b-bit Dadda 
base multiplier, ARM(n)-D(b), are shown below. The term 
log2(&) = (log2 n - log2 b) gives the number of recursions 
required for given values of n and b 

 ARM(^) - A(b)  = 1 + 3(b -  1) + 9(log2n -1og2b) 
= 910g2(n/b) + 3(b - 1) + 1 

= 1 + W g 2 b  - 1) + 9(log2n - log2b) 
= 910g2n - 310g2b - 5 

In comparing the gate complexity, the gate count for a b-bit 
array multiplier base, GAcb), is given by the following 
equation: 

2 GA(6) = b + 12(b-2)(b-1)+4(b-I)  
where a full adder is assumed to require 12 gates and a half 
adder is assumed to require 4 gates. 

For the recursive multiplier implemented with a 6-bit array 
multiplier base, the gate complexity is not straightfor- 

ward[2]. It was difficult to come up with a generalized for- 
mula for the gate count, but from the following equation, it 
can be seen that the gate complexity is O(n2 log n). 

where x = 1 to log2 n - log2 b 

stages. 
C is the constant for the number gates in the reduction 

The performance of the recursive multiplier is close to that 
of the Dadda multiplier but it comes at the expense of addi- 
tional logic. The reduction cells adds logic to the recursive 
multiplier that is proportional to O(n2 log n). However, in 
the reduction cell outlined in [2], each cell is maximally 
utilized only when all of the six inputs to the reduction cell 
are valid. When the base case is an array multiplier, none 
of the reduction cells in the first level of recursion make 
full use of the reduction cells (i.e., in the reduction cell 
shown in Figure 1, some of the primary inputs, C2, C 1,  CO, 
S2, S1, SO, are not connected to any outputs of the base 
multiplier). As a result, the first stage and the second stage 
of the reduction cells, which consist of 3 stages of reduc- 
tion, can be modified by use of simplified reduction cells. 

Full-Adder * Full-Addcr 

CL2i+l 

Cpi Spi 

FIGURE 1: Reduction Cell Network 1211 

The modified reduction cells are shown in Figure 2. The 
selection of reduction cell depends on how many of the 
inputs are valid. For some of the reduction cells where 
only two inputs are valid (such is the case for the MSB 
bits), the first stage of full adders can be completely 
removed and the size of the reduction cells is reduced by 
half. For other scenarios, the initial two full adders of the 
first stage of the reduction can be modified by using a com- 
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FIGURE 2: Different Reduction Cell Block Diagrams 

bination of a single full adder and a single half adder. With 
careful layout of the new reduction cells, the final design 
should still remain very regular. 

Another approach that can be taken to reduce the gate 
count further is to re-order the reduction. Instead of adding 
all four partial products of a multiplication, adding two 
partial products at a time results in the same delay, but 
reduces the gate count. In this new scheme, there are 2 lev- 
els of reduction as shown in Figure 3. The first level of 
reduction is a row of full adders and half adders. The sec- 
ond level reduction does a maximum of two stages of 
reduction of the cany-save inputs. The second level reduc- 
tion is similar to the reduction cells illustrated in Figure 2 
except that the first stage of adders is removed. This saves 
gates because it maximally utilizes the input to the second 
and the third stages of the original reduction cells. How- 
ever, this type of reduction only benefits the first level of 
recursion. If multiple levels of recursion are needed, it 
becomes more difficult to implement this type of reduction 
after the first level. 

FIGURE 3: Modified recursive fast multiplier 

Results 

Using the equations for the delay of the different multipli- 
ers from the previous section, the gate delay was plotted 
against n, the operand size of the multiplier. In Figure 4, 
the different multipliers are compared. Comparing the 
recursive multiplier to the Dadda multiplier, there is not a 
big difference but the huge benefit can be seen when the 
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recursive multiplier is compared to the array multiplier. 
The recursive multiplier with the Dadda base multiplier is 
slightly faster than the one with the array base multiplier 
because of the faster base multiplier but the performance 
increase comes at the cost of extra area. 

300.0. 

For the recursive multiplier with the array base multiplier, 
as the size of the base multiplier changes, the overall delay 
is greatly affected as shown in Figure 5. Since the array 
multiplier has an O(n) delay, as the base size increases, the 
base's delay becomes a bigger factor of the overall delay. 
However, with a recursive multiplier with a Dadda base 
multiplier, there is relatively little change in the delay as 
the base size increases, only a slight decrease in the delay 
as the size of the base size increases as shown in Figure 6. 
This is expected since both the Dadda and the recursive 
multiplier have O(1og n) delay. From these plots, it is clear 
that the size of a Dadda base case multiplier does not have 
a great impact on the overall performance but if an array 
multiplier is used as the base multiplier, the selection of the 
size is critical to the overall performance. 
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FIGURE 5: Recursive Multiplier Implemented with an 
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FIGURE 6: Recursive Multiplier Implemented with a 
Dadda Base Multiplier 

By using the new approach of using different reduction 
cells, gate counts are reduced by approximately 25%. Tak- 
ing advantage of "unused" inputs in the reduction cells 
(i.e., inputs that would have been grounded), simplifies the 
reduction cells and reduces the area. This saving in gates 
comes at the expense of having to design more cells, but 
the new cells are simple modifications of the original 
reduction cells, so they should not be difficult to design. 
However, the layout of the cells needs careful planning to 
assure that the different type of reduction cells can be eas- 
ily be tiled. Figure 7 illustrates how each of the reduction 
cells should be layed out. Not all of the inpubloutputs will 
necessarily be valid but the same generic structure needs to 
be maintained. 

2 - 6 in uts of the reduction 
cells wi! be valid 

the width of the cell will vary 
depending on how many inputs 
are valid 

FIGURE 7: Layout for the Different Reduction Cell 

The modified implementation of the recursive multiplier 
shown in Figure 3 results in an additional gate count reduc- 
tion. The complexity of the different implementations 
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using an array multiplier are shown in Table 1 where the 
“modified recursive (I)” column represents data for recur- 
sive multiplier with modified reduction cells and “new 
modified recursive (11)” column presents data correspond- 
ing to Figure 3. The new modified recursive multiplier 
does present some additional overhead because not only is 
there initial routing from the base case multipliers to the 
first level reduction stage, there also needs to be additional 
routing between the first and the second levels of reduction. 
A similiar comparison is made for the different implemen- 
tations using a Dadda multiplier in Table 2. The new mod- 
ified recursive multiplier (n) is not implement using a 
Dadda base multiplier since the performance is not 
enhanced using this method. The first level of reduction 
needs to be done in a single reduction, but with Dadda base 
multipliers, two stages of reduction are needed to generate 
a number in a carry-save format. Hence, the new configu- 
ration illustrated in Figure 3 does not benefit a recursive 
multiplier with Dadda base multiplier. 

array 
multiplier 

Table 1: Comparison of DifTerent 8-bit Multiplier 
Implementations (4-bit Array Base Multiplier) 

new 
modified 
recursive 

modified 
recursive recursive 

multiplier 

half-adders 

half- 
adders 

full- 42 
adders 

Dad& recursive modified 
multiplier multiplier recursive (I) 

7 12 19 

full-adders 

gate delay 

L I I I I 
7- ~ 

35 52 41 

13 16 16 

. Conclusion 

In multiplier design, there is often a trade-off between the 
complexity and the speed. Each design will have its own 

specific requirements which need to be satisfied by the 
design selection. Some of the trade-offs can be adjusted 
with the selection of different base multipliers. For exam- 
ple, in embedded applications where the absolute speed is 
not always the top priority, an array base multiplier might 
make more sense. To gain slightly more performance, a 
Dadda multiplier can be used as the base multiplier, but 
this increases the complexity. The modified reduction cells 
introduced in this paper reduce the complexity of the 
reduction stages. 

For designs that only allow for short design times and if an 
existing design exists, the recursive multiplier seems to be 
a favorable choice. For example, if a 16 bit design exists 
for a multiplier and a 32 bit multiplier needs to be created, 
a 32 bit recursive multiplier can be designed with the exist- 
ing 16 bit multiplier as the base case. Since design re- 
usability is highly desirable, the recursive multiplier will be 
attractive. 

The gate count measurement is probably not the best way 
of comparing silicon area. The array multiplier has a 
higher gate count compared to the Dadda multiplier, but 
the silicon area that an array multiplier occupies is smaller. 
Actual layout of the reduction cells needs to be done and 
incorporated into a recursive multiplier to.make compari- 
sons to other multipliers. Also, the reduced gate count can 
be expanded to multi-level recursive multiplication which 
will not be as simple as a single recursion multiplication. 
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